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Instantaneous frequeny and amplitude identiation using wavelets: Appliation to
glass struture
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Department of Chemistry, University of Cambridge, Cambridge CB2 1EW, UK.
(Dated: 15 February 2002)
This paper desribes a method for extrating rapidly varying, superimposed amplitude- and
frequeny-modulated signal omponents. The method is based upon the ontinuous wavelet trans-
form (CWT) and uses a new wavelet whih is a modiation to the well-known Morlet wavelet to
allow analysis at high resolution. In order to interpret the CWT of a signal orretly, an approx-
imate analyti expression for the CWT of an osillatory signal is examined via a stationary-phase
approximation. This analysis is speialized for the new wavelet and the results are used to onstrut
expressions for the amplitude and frequeny modulations of the omponents in a signal from the
transform of the signal. The method is tested on a representative, variable-frequeny signal as an
example before being applied to a funtion of interest in our subjet area - a strutural orrelation
funtion of a disordered material - whih immediately reveals previously undeteted features.
PACS numbers: 61.43.Bn, 61.43.Fg, 02.30.Nw, 02.70.Hm
I. INTRODUCTION
Although the rst example of a wavelet basis dates
bak to 1910 [1℄, it was not until the early 1980's, with the
work of Goupillaud, Morlet and Grossmann [2℄ in seismi
geophysis, that the wavelet transform (WT) beame a
popular tool for the analysis of signals with non-periodi
harateristis, termed non-stationary signals [3℄.
The WT allows a signal to be examined in both the
time- and frequeny-domains simultaneously. The WT
as a time-frequeny method has replaed the onven-
tional Fourier transform (FT) in many pratial appli-
ations. The WT has been suessfully applied in many
areas of physis [3℄ inluding astrophysis, seismi geo-
physis, turbulene and quantum mehanis, as well as
many other elds inluding image proessing, biologial
signal analysis, genomi DNA analysis, speeh reogni-
tion, omputer graphis and multifratal analysis.
The termWT is onventionally used to refer to a broad
seletion of transformation methods and algorithms. In
all ases, the essene of a WT is to expand the input
funtion in terms of osillations whih are loalized in
both time and frequeny.
Dierent appliations of the WT have dierent require-
ments. Image ompression, for example, often uses the
disrete WT (DWT) to transform data to a new, orthog-
onal basis set where the data are hopefully presented in
a more redundant form [4℄. Other appliations, partiu-
larly signal analysis [5℄, use the CWT, sariing orthog-
onality for extra preision in the identiation of features
in a signal.
The prinipal aim of this paper is to present the WT
in a form well suited to the analysis of one-dimensional
signals whose frequeny omponents have rapidly vary-
ing frequeny and amplitude modulations. In order to
ahieve this aim, we introdue a new `tunable', omplex
wavelet. This wavelet is based upon the well-known Mor-
let wavelet [2℄ but is better suited to high-resolution anal-
ysis. The features of the WT using the proposed wavelet
are understood through an asymptoti stationary-phase
approximation to the integral expression of the WT spe-
ialized to the new wavelet. We demonstrate the prop-
erties of the WT using two example funtions, a mathe-
matial funtion and the other a realisti physial model
funtion.
We are interested in exploiting the omplex WT in
the analysis of strutural orrelation funtions whih de-
sribe the atomi struture of disordered materials. As
these orrelation funtions have dierent spatial regimes,
they may be lassed as non-stationary signals. Despite
the overwhelming suess of the WT in other elds, we
are aware of only one other paper on this appliation of
the WT. In that appliation, Ding et al. [6℄ studied an
experimentally observed orrelation funtion of vitreous
silia using the Mexian Hat wavelet. We improve upon
this single, prior appliation in three signiant ways,
namely the use of the omplex WT, a `tunable' wavelet
and the method of interpreting the resulting transforms.
We then analyze the redued radial distribution fun-
tion (RRDF) of a strutural model of a one-omponent
glass with pronouned iosahedral loal order [7℄. The
resulting WT learly shows the existene of dierent fre-
queny omponents in the RRDF and their exponential
deay. These features were not learly detetable by ear-
lier methods (.f. Ref. 6).
In Se. II we review the mathematial framework of
the wavelet transform and disuss some mother wavelet
funtions before modifying an existing wavelet for our
purposes. In Se. III A we onsider the WT of a gen-
eral osillatory signal using the new wavelet. The re-
sults are then used to interpret the wavelet transforms of
a variable-frequeny example funtion in Se. III B and
of the RRDF in Se. III C. Conluding remarks an be
found in Se. IV.
2II. FORMULATION
The underlying WT used in this paper an be om-
pletely desribed as a one-dimensional omplex, ontin-
uous WT using wavelets of onstant shape [8℄. We begin
by examining the formulation of this WT in terms of an
integral transform, before examining the hoie of mother
wavelet funtion.
For simpliity we use time-frequeny terminology, on-
sidering the signal to be an input funtion of time, f(t).
The CWT is an integral transformation whih expands
an input funtion f(t) in terms of a omplete set of basis
funtions ξ(t; a, b). These basis funtions are all the same
shape as they are dened in terms of dilation by a and
translation by b of a mother wavelet funtion ψ(t):
ξ(t; a, b) = |a|−1ψ
(
t− b
a
)
, (1)
with a, b ∈ R and a 6= 0.
The CWT F (a, b) is dened as the inner produt:
F (a, b) = 〈ξ|f〉 ≡ |a|−1
∫
∞
−∞
ψ∗
(
t− b
a
)
f(t) dt. (2)
The original formulation of the CWT [2℄ used a pref-
ator |a|− 12 to give a normalization to unity, 〈ξ|ξ〉 = 1).
We hoose an alternative prefator |a|−1 (giving 〈ξ|ξ〉 =
|a|−1) after Delprat et al. [9℄. As we shall see, this for-
mulation of the CWT allows for simple frequeny identi-
ation by examining the maxima in the modulus of the
CWT with respet to the sale a.
In order to understand the CWT, it is useful to relate it
to the FT. The FT has a non-loalized, plane-wave basis
set and, therefore, has a single transform parameter - the
frequeny ω. In ontrast, the basis set of the CWT on-
tains loalized osillations haraterised by two transform
parameters - the sale (or dilation) a and the translation
(or position) b. It is this ritial dierene whih makes
the CWT preferable for the analysis of non-stationary
signals.
We are free to hoose a funtional form for ψ(t), sub-
jet to some onstraints. Some of these onstraints are
fored upon us whereas others arise from the pratial
usefulness of the resulting transform.
In order to reover a funtion from its wavelet trans-
form via the resolution of the identity [8℄, ψ(t) must sat-
isfy an admissibility ondition. Although we do not make
diret use of the resolution of the identity in this paper,
we require that our hoie of ψ(t) satises this ondition
to ensure that all information about the signal is retained
by the transform. The admissibility ondition is essen-
tially that the FT, ψˆ(ω) =
〈
eiωt|ψ〉, satises the relation
ψˆ(0) = 0, equivalent to requiring that the mother wavelet
and, hene, the basis wavelets, have a mean of zero.
Beyond simply satisfying the admissibility ondition,
it is pratially useful to reate mother wavelet funtions
whih mimi features of interest in the signal. In the ase
of time-frequeny analysis, mother wavelet funtions are
hosen whih represent loalized sinusoidal osillations.
The resulting wavelet transforms an then be used to
extrat instantaneous measures of frequeny and ampli-
tude. The unertainty priniple ditates that the prod-
ut ∆t∆ω of the time and frequeny unertainties of suh
wavelets has a lower bound. It is no surprise, therefore,
that this lass of mother wavelet funtions are typially
based upon Gaussians. However, it is still possible to
trade temporal preision for frequeny preision by al-
tering the number of osillations in the envelope of the
mother wavelet.
The simplest suh wavelet is the Mexian Hat wavelet
whih mimis a single osillation and is ommonly used
in signal analysis. The funtional form of this wavelet
is the seond derivative of a Gaussian. This wavelet of-
fers good loalisation in the time domain whilst retaining
admissibility. However, this wavelet has two major draw-
baks for general signal analysis: (i) useful information
an only be extrated from the WT at disrete intervals
where the wavelets are in phase with the signal, and (ii)
the time-frequeny resolution is xed.
The former drawbak has been overome by the in-
vention of omplex wavelets whih mimi loalized plane
waves. The WT an be omputed separately for the
real and imaginary parts, yielding a omplex salar eld,
F (a, b), where the modulus and argument of F represent
the amplitude and phase of the signal, respetively.
The latter drawbak has been overome by the inven-
tion of tunable wavelets whih inlude an additional pa-
rameter to the mother wavelet funtion ontrolling the
number of osillations in the envelope.
Goupillaud, Morlet and Grossman overame these
problems simultaneously with the invention of a mod-
ulated Gaussian wavelet, now known as the Morlet
wavelet [2℄. This wavelet has a parameter, σ, whih on-
trols the number of osillations in the envelope, allowing
time and frequeny unertainties to be traded. Thus the
Morlet wavelet an be expressed as:
ψ
M
(t;σ) = pi−
1
4 c
M
(σ) e−
1
2
t2
(
eiσt − κ(σ)) , (3)
where c
M
(σ) = (1 − 2e− 14σ2κ(σ) + κ2(σ))−1/2 and the
parameter κ(σ) allows the admissibility ondition to be
satised.
The FT of this wavelet is:
ψˆ
M
(ω;σ) = pi−
1
4 c
M
(σ)
(
e−
1
2
(ω−σ)2 − κ(σ) e− 12ω2
)
.(4)
From Eq. (4) it is lear that the admissibility ondition
ψˆ
M
(0;σ) = 0 implies that κ(σ) = e−
1
2
σ2 .
Many previous appliations of the Morlet wavelet have
been onerned with signals ontaining slowly varying
frequeny and amplitude omponents for whih large val-
ues of σ (≥ 5) are appliable and κ(σ) (≤ 10−6) is negli-
gible [2℄.
However, we are interested in applying this type of
analysis to signals whih ontain rapidly varying frequen-
ies and amplitudes. In this ase, the ability to use small
3Figure 1: Envelope |ψ
M
|2 of the Morlet wavelet ψ
M
(t;σ)
(Eq. 3) showing the unwanted transition from mono-modal
to bimodal behaviour at small σ (< 1.79785).
Figure 2: Morlet wavelet ψ
M
(t;σ) (Eq. 3) for σ = 1: real
part, solid line; imaginary part, long dashed line; and envelope
±|ψ|, short dashed lines.
values of σ beomes important as we wish to maximize
the temporal resolution by minimizing σ whilst still be-
ing able to separate the various frequeny omponents in
the signal and, onsequently, κ(σ) is no longer negligible.
Although the Morlet wavelet is admissible at small
σ, the temporal loalization is unsatisfatory (see
Fig. 1); namely, |ψ
M
|2 undergoes a transition from mono-
modality to bimodality (a single ridge at large σ splits
into two symmetri ridges for small σ). The wavelet
transform of a signal performed using a wavelet whih
has a bimodal envelope results in the signal being loal-
ized about two dierent positions (see Fig. 2). This pro-
dues unwanted artefats in the resulting instantaneous
frequeny and amplitude measurements (shown later in
Figs. 10 and 11).
Therefore we remedy this drawbak by modifying the
Morlet wavelet to produe a new wavelet, ψ(t;σ), suh
that |ψ|2 has a single, global maximum for all σ. For the
new wavelet we hoose to replae the single, normaliza-
tion onstant c
M
(σ) in the Morlet wavelet with two new
parameters p(σ) and q(σ) determined by two onditions:
(i) total normalization of the wavelet to unity, and (ii)
equal ontributions to the normalization from the real
and imaginary parts. The new wavelet has the following
Figure 3: Envelope |ψ|2 of the new wavelet (Eq. 5).
funtional form:
ψ(t;σ) = pi−
1
4 e−
1
2
t2 [p(σ) (cos(σt) − κ(σ))
+ i q(σ) sin(σt)] , (5)
where p(σ) and q(σ) are given by:
p(σ) =
(
1− e−σ2
)
−
1
2
, (6a)
q(σ) =
(
1 + 3e−σ
2 − 4e− 34σ2
)
−
1
2
. (6b)
The Fourier transform of this wavelet is:
ψˆ(ω;σ) =
1
2
e−
1
2
(σ+ω)2 (eσω − 1)
× [(eσω − 1) p(σ) + (eσω + 1) q(σ)] . (7)
It is worthwhile noting that the real part of this new
wavelet reovers the funtional form of the Mexian Hat
wavelet in the limit σ → 0:
Re [ψ(t; 0)] =
√
2
3
pi−
1
4 e−
1
2
t2(t2 − 1).
Thus the new wavelet allows a omplete transition from
very high temporal loalization, σ → 0 (the Mexian
Hat wavelet), to maximum frequeny loalization, σ →
∞ (plane wave). Even in the limit of minimal σ, |ψ|2
remains mono-modal (see Figs. 3 and 4). Thus we have
improved upon the temporal loalisation of the Morlet
wavelet.
We have also heked that, using the new wavelet, the
original signal an be reovered by the resolution of the
identity operator.
III. ANALYSIS
A. Instantaneous Frequeny and Amplitude
In this setion we demonstrate how the new wavelet
may be used to extrat instantaneous frequenies and
4Figure 4: New wavelet ψ(t;σ) (Eq. 5) for σ = 1: real part,
solid line; imaginary part, long dashed line; and envelope
±|ψ|, short dashed lines.
amplitudes from a signal via the CWT. The following
analysis is based upon the stationary-phase approah of
Delprat et al. [9℄ but is speialized to the new wavelet.
The wavelet transform F (a, b) at a given sale a and
translation b is given by the integral (Eq. 2) of a rapidly
osillating integrand. This integral may be rewritten in
the form:
F (a, b) ≡ 1
2
∫
∞
−∞
eiΦ(t;a,b)+lnA(t;a,b) dt, (8)
where:
A(t; a, b) = Af (t)Aξ(t; a, b) (9a)
Φ(t; a, b) = φf (t)− φξ(t; a, b) (9b)
with f(t) = Re[Af (t)e
iφf (t)] and ξ(t; a, b) =
Aξ(t; a, b)e
iφξ(t;a,b)
.
In order to take the integral in the stationary-phase
approximation, we rst approximate Aξ by a Gaussian.
From Eq. 1 we have A2ξ(t; a, b) = a
−2A2ψ((t−b)/a), where
A2ψ is taken to be a normalized Gaussian whose variane
σψ(σ) is equal to the variane of |ψ|2, giving:
A2ξ(t; a, b) ≃ |a|−2
1√
2piσψ
exp
[
− 1
2σ2ψ
(
t− b
a
)2]
, (10)
where the variane σψ(σ) an be found analytially:
σ2ψ(σ) =
1
4
√
pi
[
q2
((
2σ2 − 1) e−σ2 + 1) (11)
+ p2
((
3− 2σ2) e−σ2 − 2e− 34σ2 (2− σ2))] .
The approximate envelope, A2ψ, tends to the true en-
velope, |ψ|2 (see Fig. 5).
We assume (without loss of generality [9℄) that there
is a single point of stationary phase for the integrand in
Eq. (8) at t = ts(a, b). Under the onventional asymp-
toti approximation:∣∣∣∣∂φf∂t
∣∣∣∣≫
∣∣∣∣ 1A ∂Af∂t
∣∣∣∣ , (12)
we expand Φ(t) around the stationary point ts assuming
Φ′′(ts) 6= 0 and substitute the approximate expression
for Aξ from Eq. (10) into the integral, whih an then
be taken. This gives an approximate expression for the
squared modulus of the CWT using the new wavelet:
|F (a, b)|2 ≃
√
pi
2
σψA
2
f (ts)
(
1 + 4a4σ4ψΦ
′′(ts)
2
)− 1
2
× exp
[
−a
2σ2ψΦ
′′(ts)
2(ts − b)2
1 + 4a4σ4ψΦ
′′(ts)2
]
. (13)
Further, assuming the frequeny of the mother wavelet
to be onstant (φ′′ψ(t) = 0) and the frequeny varia-
tion of the signal to be slow in the region of interest
(i.e. |Φ′′(ts)|a2σ2ψ ≪ 1) then:
|F (a, b)|2 ≃
√
pi
2
σψA
2
f (ts)e
−a2σ2ψΦ
′′(ts)
2(ts−b)
2
. (14)
For a monohromati signal (i.e. a signal whih on-
tains only a single frequeny at any given position), there
is a sale ar(b) at any given b whih orresponds to a ba-
sis wavelet entred at b whose frequeny φ′ξ(b; ar(b), b) is
equal to the loal frequeny of f(t). The sale ar(b) of
this wavelet identies the instantaneous frequeny of the
signal and may be found as the solution of the equation
Φ′(b; ar(b), b) = 0. From the denition of the points of
stationary phase (Φ′(ts(a, b); a, b) = 0), this orresponds
to ts(ar(b), b) = b, an alternative equation whih an
be used to nd ar(b). With the hoie of normalization
used in Eq. (1), it is lear that these points maximize the
expression for the squared modulus of the CWT with
respet to a as obtained by the stationary-phase approx-
imation, Eq. (14).
As the CWT is a linear operation, superimposed fre-
queny omponents are manifested as dierent sales
a
(i)
r (b) whih loally maximize |F | (assuming suiently
large σ to resolve the peaks). The urves formed by the
points a
(i)
r (b), b are known as the ridges of the trans-
form [9℄. The trajetory of eah ridge an be used to
extrat the amplitude and frequeny modulations of the
orresponding signal omponents.
An approximate expression for the instantaneous am-
plitude, Af (t), of a signal omponent an be obtained
by rewriting the stationary-phase approximation to the
squared modulus of the WT (Eq. 14) on the ridge,
|F (a(i)r (b), b)|2 ≃
√
pi/2 σψA
(i)
f (b)
2
, in terms of Af (t):
A
(i)
f (t) ≃
(
1
2
piσ2ψ
)
−
1
4
∣∣∣F (a(i)r (t), t)∣∣∣ . (15)
There are two dierent well-known approximations to
the instantaneous frequeny φ′f (t)/2pi. As eah has rela-
tive merits, we onsider both.
The simplest approximation to the instantaneous fre-
queny is the rate of hange of the phase of the CWT
5a) b)
Figure 5: Gaussian approximations (solid lines, Eq. 10) to the true envelope |ψ(t;σ)|2 of the mother wavelet funtion (dashed
lines, Eq. 5) for: a) lim σ → 0; b) σ = 2.
with respet to b, evaluated at ar(b), b:
ν
(i)
f (t) ≃
1
2pi
∣∣∣∣
[
∂
∂b
Arg[F (a(i)r (b), b)]
]
b=t
∣∣∣∣ . (16)
The derivation for this expression using the new wavelet
is idential to that of the Morlet wavelet given by Delprat
et al. [9℄.
The other approximation to the instantaneous fre-
queny uses the equality of the frequeny of the signal
and of the wavelet on a ridge to reate an expression for
the frequeny of the signal as a funtion of the sale ar(b)
on the ridge and the frequeny of the mother wavelet,
ωψ(σ):
ν
(i)
f (t) ≃
ωψ
2pi
∣∣∣a(i)r (t)∣∣∣−1 . (17)
Conventionally, ωψ is taken to be the underlying modu-
lating frequeny, σ, of the mother wavelet funtion. How-
ever, this is a poor approximation at small σ. Therefore,
the obvious denition of ωψ is the modal average (posi-
tion of the highest peak) in the Fourier power spetrum
|ψˆ|2. Unfortunately, this expression for ωψ annot be
found analytially. However, even at small σ, the spe-
trum |ψˆ|2 is nearly symmetri about the main peak (see
Fig. 6). Therefore, the mean average is always a good ap-
proximation to the modal average (see Fig. 7) and, unlike
the mode, the mean an be found analytially:
ωψ(σ) =
√
piσ p(σ) q(σ)
(
1− e− 34σ2
)
. (18)
Using this expression for ωψ in onjuntion with the
relationship between sale and frequeny in Eq. (17), a
CWT may be plotted as a funtion |F (ωψ/2piν, t)| of time
and frequeny.
Delprat et al. [9℄ proposed that the phase-based instan-
taneous frequeny, Eq. (16), is more aurate than the
modulus-based measurement, Eq. (17), and suggested
an iterative algorithm for extrating signal omponents.
Carmona et al. have sine shown that the modulus-based
measurement is extremely resiliant to noise [10℄ and have
Figure 6: Fourier power spetrum |ψˆ(ω,σ)|2 of the mother
wavelet funtion (.f. Eq. 7) in the limit σ → 0.
Figure 7: Approximations to the frequeny ωψ of the mother
wavelet funtion (Eq. 5): Analyti mean of |ψˆ|2 (solid line,
Eq. 18), numerial mode of |ψˆ|2 (long dashed line) and the
asymptoti approximation ωψ = σ valid in the limit σ → ∞
(short dashed line).
suggested numerous methods for extrating signal om-
ponents using this approah [11℄.
Thus the instantaneous frequenies and amplitudes of
omponents in a signal may be found from the CWT
at the points where |F (a, b)| is loally maximized with
respet to a. These maxima an be identied numerially
from a set of samples of F (a, b) generated by disrete
approximation to the integral expression for the CWT,
Eq. (2). One found, the maxima may be interpreted
6Figure 8: Variable-frequeny funtion f(t) (Eq. 19).
Figure 9: Modulus of the CWT as a funtion of frequeny
F (ωψ/2piν, t) of the funtion f(t) (Eq. 19) using the new
mother wavelet funtion ψ(t;σ) (Eq. 5) with σ = 2.
using the approximate analyti results given above.
B. Example Funtion
The method desribed in the previous setion is most
easily laried by the following examples. First, we
hoose to apply the method to the simple, variable-
frequeny funtion (see Fig. 8):
f(t) = sin
(
t2
)
. (19)
The FT fˆ(ω) = 12
(
cos
(
1
4ω
2
)− sin( 14ω2)) onveys little
useful information about the original funtion.
However, the modulus of the WT does onvey useful
information, partiularly when plotted as a funtion of
frequeny instead of sale (see Fig. 9) as this highlights
the linearly hanging loal frequeny of f(t) (given by
νf = |∂/∂t φf |/2pi) as a funtion of t.
The CWT of f(t) ontains a single, `V' shaped ridge
at ar(b). This ridge reets both the frequeny modula-
tion of f(t) (see Fig. 10) and the amplitude modulation
(see Fig. 11). In all ases, the results show utuations
linked with the phase φf of the signal. However, om-
pared to the Morlet wavelet, the new wavelet produes
muh smaller utuations in all results.
C. Redued Radial Distribution Funtion
We now apply the method desribed in Se. 3.1 to a
funtion of pratial interest. We hoose to study the
RRDF d(r) of a model glass struture.
The RRDF analyzed in this paper is taken from a
strutural model of the iosahedral (IC) glass [7℄ reated
in a lassial moleular-dynamis simulation [12℄. We
alulate the transform as detailed in Se. 2 and perform
the analysis as disussed in Se. 3 in order to study the
omponents of d(r). The funtion d(r) is onsidered to
be zero outside the range 0 < r < L/2, where L/2 ≃ 25
is half the side of the ubi simulation super-ell whih
ontains 108, 000 atoms.
The RRDF, d(r), is dened in terms of the atomi
density ρ(r) as:
d(r) = 4pir (ρ(r) − ρ0) , (20)
where ρ0 is the average atomi density [13℄. This is shown
in Fig. 12a for the IC glass. Redued Lennard-Jones
units (r.u.) are used for length with the mean nearest-
neighbour separation being 1.15± 0.05r.u.. The damped
extended-range density utuations are learly visible,
extending beyond 10r.u. (see the inset in Fig. 12a).
From the Fourier power spetrum of d(r) (shown in
Fig. 12b), it is lear that d(r) ontains many omponents
with dierent frequenies. The highest peak in |dˆ|2 ours
at the frequeny νd = 1.08 ± 0.01. This peak has non-
zero width implying that the real-spae utuation in
d(r) orresponding to this peak has a spatially varying
amplitude but we annot dedue a funtional form from
this alone.
Plotting the modulus |Fd(a, b)| of the CWT using dif-
ferent envelope widths, shown as a funtion of r and
ν (≡ 2pik) in Fig. 13, allows d(r) to be examined in
the time-frequeny plane. Using small σ results in high
spatial resolution but poor frequeny resolution and the
ridges are smeared together (see Fig. 13a). Larger val-
ues of σ separate the ridges at the ost of dereasing
the spatial resolution (see Fig. 13b). Unlike the exam-
ple funtion from the previous setion, d(r) ontains sev-
eral omponents with dierent frequenies whih, parti-
ularly when using large σ, manifest themselves as sepa-
rate ridges in the WT. In this paper we onsider only the
prominent ridge at ν ≃ νd but the same analysis an be
applied to the ridges seen at other frequenies.
The ridge along ν ≃ νd shows that the prominent
frequeny omponent identied from the Fourier power
spetrum of d(r) is partiularly strong around r = 0 but
deays away with greater r. This trajetory of the ridge
an then be used to extrat the instantaneous frequenies
and amplitudes of this omponent in d(r).
The instantaneous frequeny found using σ = 3 (see
Fig. 14) remains onstant over a large range of r. As
expeted, the sale at whih this ridge ours in the CWT
of d(r) orresponds to the position of the prominent peak
in the Fourier power spetrum of d(r).
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Figure 10: Instantaneous frequenies νf (t) using the new wavelet (solid lines), Morlet wavelet (short dashed lines) and expeted
value ν(t) = |t|/pi for |t| ≫ 0 (long dashed lines) of the example funtion f(t) (Eq. 19) with σ = 1. Extrated using: a) maximal
|F |, Eq. (17); b) ∂Arg[F ]/∂b, Eq. (16).
Figure 11: Instantaneous amplitude Af (t) (Eq. 15) of f(t)
(Eq. 19) with σ = 1. Instantaneous amplitude Af (t), solid
line; expeted amplitude of 1.0 for |t| ≫ 0, dashed line.
The amplitudes of omponents in an RRDF are ex-
peted to tend to zero in the limit r →∞ for a disordered
material due to the absene of long-range order. The in-
stantaneous amplitude Ad(r) of the dominant ridge ex-
trated from the CWT using the new wavelet, Eq. (5),
is shown plotted on a logarithmi sale in Fig. 15. The
amplitude is learly seen to deay exponentially in the
region 2 < r < 18. The reason for the exponential form
of this deay (also observed by Ding et al. [6℄ for silia
glass) is not yet known.
The method used by Ding et al. [6℄ ould not reprodue
the frequeny modulation of the damped density utu-
ations in d(r) and their observed amplitude modulation
ontained only six points whih were noted to deay ap-
proximately exponentially. In omparison, our method
reprodues true, instantaneous frequenies (analogous to
frequenies obtained by Fourier analysis), showing the
frequeny modulation of individual density utuations
in d(r), and the amplitude modulations of these variable-
frequeny omponents, as a ontinuum of points. This
gives muh more ompelling evidene for the exponential
deay rst observed by Ding et al. [6℄. In addition, we
an detet a signiant deviation from the exponential
deay of Ad(r) at large r (see Fig. 15). This may either
be due to statistial noise from the nite nature of the
simulation or due to the use of periodi boundary ondi-
tions in the model produing eetive long-range order.
The preise reason needs further investigation.
IV. CONCLUSIONS
We have identied the omplex, ontinuous wavelet
transform using wavelets of onstant shape [8℄ as a
method well suited to the time-frequeny analysis of
one-dimensional funtions. For our target appliation,
namely the analysis of funtions with omponents whih
have rapidly varying frequeny and amplitude modula-
tions, we have illustrated an important shortoming of
the existing Morlet wavelet [2℄, explained the origin of
this shortoming and proposed a new wavelet whih over-
omes the problem. In addition, we have speialized
an existing method [9℄ for extrating instantaneous fre-
queny and amplitude measurements from signals to the
new wavelet.
Two example funtions have been analysed using the
new wavelet and new method of analysis. The rst, a
simple variable-frequeny funtion, illustrates the signif-
iant improvement of the new wavelet over the Morlet
wavelet and gives numerial evidene that our method
of analysis is aurate. The seond is a real-world ex-
ample of a diret-spae atomi orrelation funtion of a
glass whih highlights the advantages of the method over
the onventional Fourier transform and greatly improves
upon the single, previous wavelet analysis of suh a fun-
tion by Ding et al. [6℄.
We have suessfully used the WT to analyze the re-
dued radial distribution funtion (RRDF) of a model
glass and an immediately identify previously undeteted
features. The dominant omponent in the RRDF (the
damped extended-range density utuations) has a pe-
riod whih rapidly settles to a onstant value. Other
omponents with dierent frequenies are present in the
RRDF. These osillations all have approximately expo-
nentially deaying real-spae amplitudes.
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Figure 12: a) RRDF of the IC glass (inset showing a magniation of the damped density utuations); b) its Fourier power
spetrum |dˆ(k)|2.
a) b)
Figure 13: Modulus |Fd(ωψ/2piν, r)| of the CWT of the RRDF d(r) plotted as a funtion of frequeny ν (see Fig. 12) using the
new wavelet (Eq. 5) for: a) σ = 2; b) σ = 15.
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9Figure 14: Instantaneous frequeny νd(r) of the largest om-
ponent of the RRDF d(r) (see Fig. 12b). Solid line is νd ex-
trated using Eq. (17) with σ = 3, dashed line is the best-t
onstant frequeny νd = 1.08 over the range 5 < r < 18.
Figure 15: Instantaneous amplitude Ad(r) of the largest om-
ponent of the RRDF d(r) (see Fig. 12) plotted on a logarith-
mi sale. Solid line is Ad(t) extrated using Eq. (15) with
σ = 2, dashed line is the best-t exponential deay Ad(r) ≃
αe−βr over the range 5 < r < 18, where α = 31.8 ± 0.5 and
β = 0.350 ± 0.001.
